Abstract: In this paper the exact analytical solution is found for the BFKL Pomeron calculus in QCD , in which all Pomeron loops have been included. This solution manifests the geometrical scaling behaviour and matches with the solution to the linear evolution equation on the line r 2 = 1/Q 2 s (x) where r is the dipole size and Q s is the saturation momentum.
Introduction
The BFKL Pomeron calculus [1, 2] gives the simplest and the most transparent approach to the high energy amplitude in QCD. This approach is based on the BFKL Pomeron [3] and the interactions between the BFKL Pomerons [4, 5, 6, 7] , which are taken into account in the spirit of the Gribov Reggeon Calculus [8] . It can be written in the form of the functional integral (see Ref. [5] ) and formulated in terms of the generating functional (see Refs. [9, 10, 11, 12, 13] ).
In Ref. [14] (see also Ref. [15] ) it is shown that the BFKL Pomeron calculus can be reduced to the following functional integral
(1.1)
where K (k, k ′ ) is the BFKL kernel in the momentum representation, namely,
We used two additional assumptions to reduce the general functional integral for the BFKL Pomeron calculus given in Ref. [5] to the simple form of Eq. (1.2). Namely, we assume (i) that at high energy we can use the BFKL Pomeron in the diffusion approximation which leads to
is the Pomeron Green's function; and (ii) that
Indeed, we expect that the typical size of the dipoles will be of the order of 1/Q s (x) (Q s (x) is the saturation scale) while the typical impact parameter of the scattering dipole should be much larger (at least of the order of the size of a hadron).
It should be mention that the relation between fields in momentum and coordinate representation looks as follows
where
The theory determined by the functional integral of Eq. (1.1), can be written in the equivalent form introducing the generating functional
is the probability to find n-dipoles with transverse momenta k i .
For this functional we have the following evolution equation [14] ∂
In this paper our goal is to solve Eq. (1.8) deeply in the saturation region or, in other words, for the dipoles which sizes are much larger than the typical saturation size 1/Q s (x). In the next section we discuss the mean field approximation. In this approximation the expression for χ[u] is simple and it is determined by Eq. (1.9). Solution in this approximation is known (see Ref. [16] ) but we will solve this equation using a different method. Therefore, we view this section as a training ground for our method of finding a solution.
In section 3 we focus our efforts on searching a solution to the general equation (see Eq. (1.8). We consider the solution which shows the geometrical scaling behaviour in the saturation domain and which matches with the linear evolution equation at x 12 ≈ 1/Q s (x) where x 12 is the dipole size and Q s (x) is the new scale:saturation momentum.
In conclusions we summarize the main results of the paper and compare them with other attempts to solve this equation .
Exact solution and the mean field approximation (MFA)
In the mean field approximation χ[u] is determined only by Eq. Initial conditions:
Boundary conditions:
we can easily prove that for Z we have the non-linear equation [9, 10] , namely
This equation has been solved in Ref. [16] and the solution turns out to be the function of the only one variable
In Ref. [16] it is shown that at large ξ the generating functional
in the approximation for the BFKL kernel (see Ref. [16] and references therein):
Constant C in Eq. (2.5) is of the order of α 2 S as have been discussed in Ref. [1] . The physical meaning of this smallness is clear since for such small amplitudes the non-linear corrections are rather small but they influence the value of the slope in ξ providing that amplitude is a constant at fixed ξ.
We would like to solve directly Eq. (1.8). Our main assumption is that Z (b, k; Y ) actually is a function of one variable Z (ξ; Y, [u]) 1 In finding the solution we replace the generating functional of Eq. (1.7) by the generating function
We can use Eq. (2.7) instead of the generating functional of Eq. (1.7) since the scattering amplitude is determined by the following equation [18, 11] 
is the scattering amplitude of n dipoles with momenta k i with the target of the size R at low energy. In logarithmic approximation we can consider this amplitude as
Therefore we need to know only generating function of Eq. (2.7) to find the scattering amplitude.
For Z (ξ, u) Eq. (1.8) degenerates to the following simple differential equation
In Eq. (2.9) we use the explicit form of variable ξ, namely,
which stems from the logarithmic contribution to the BFKL kernel for k 2 > Q 2 s (see Ref. [16] ). Considering ξ ≫ 1 we can neglect u 2 term and the solution to this Liouville -type equation is
and the form of the arbitrary function Z can be found from the initial condition. This initial condition stems from the fact that for k 2 > Q 2 s (ξ < 0) we have a linear evolution equation. In Ref. [17] it is proven that the solution of the linear evolution equation in the vicinity of k 2 → Q 2 s shows the geometrical scaling behaviour and in terms of the generating function this contribution looks as
1 For simplicity we neglect the dependence of Z on impact parameters. For large nuclei this is a good approximation.
Eq. (2.12) corresponds to the amplitude at ξ → 0 that can be calculated as [18, 11] (see also Eq. (2.8))
where γ n is the low energy amplitude of n-dipoles scattering off the target. The low energy amplitude for interaction of one dipole γ 1 is small, namely, γ 1 ∝ α S ≪ 1.
Comparing Eq. (2.12) with Eq. (2.11) one can see that
Of course, we cannot guarantee term 1 2 ξ since we assumed that ξ ≫ 1.
The exact solution with the geometrical scaling behaviour
The master equation for the generating function of Eq. (2.7) can be re-written in the form:
where κ = 1/α 2 S . To solve this equation we need to know Z (ξ; u) only at u → 1 to calculate the scattering amplitude (see Eq. (2.13)) especially because γ 1 is small (γ 1 ∝ α S ≪ 1). For u → 1 and for ξ ≫ u the equation can be reduced to the form 2 
4
∂Z (ξ; u) ∂ξ = ξ u ∂Z (ξ; u) ∂υ
with υ = 1 − u.
Going to the Mellin transform, namely, introducing
we obtain
We are searching the solution in the following form
One can see that function Z (ζ) is an arbitrary function which is determined by the initial and boundary conditions. For function T (τ ) we obtain the equation
Eq. (3.6) can be easily solved. Indeed,
Substituting Eq. (3.9) into Eq. (3.3) we obtain
Using Eq. (2.12) we find that
Using Eq. (2.13) one can check that with this expression for Z ξ + 4 κ µ the amplitude satisfies the following equations at ξ = 0
in accordance with Eq. (2.5).
Finally
The asymptotic behaviour at large values of ξ can be calculated by the steepest decent method. The equation for the saddle point (µ = µ SP ) looks as
From Eq. (3.14) one sees that µ SP ∝ ξ 2 ≫ 1. Using this fact we can evaluate Eq. (3.13) in steepest decent method. The answer is
Using Eq. (1.6) one can see that in the logarithmic approximation (see, for example, Ref. [19] )
where r denotes the dipole size.
We use to estimate the high energy behaviour of the scattering amplitude (N ξ ; υ ) the so called Kovchegov's formula [18, 11] N ξ ; υ = 1 − Z ξ ; u (3.17)
which satisfies the boundary condition of Eq. (2.12) with υ = γ 1 = 1/κ. From Eq. (3.16) we see that
Comparing this solution with Eq. (2.14) one can see that the Pomeron loops which are responsible for the second term in Eq. (3.1) lead to much faster approach of the asymptotic behaviour of the scattering amplitude than in the case of the MFA. It should be stressed that the asymptotic behaviour of the scattering amplitude corresponds to the black disc behaviour in contrast of the BFKL Pomeron calculus in zero transverse dimension ( see Ref. [21, 13, 20] ).
Conclusions
The main result of this paper is the solution to the evolution equation given by Eq. (3.18). The principle features of this solution is the fact that the scattering amplitude depends on the only one variable:
is the saturation scale while r is the size of the scattering dipole. Such geometrical scaling behaviour has been proven for the mean field approximation and has been seen experimentally [22] . However, this scaling behaviour is not expected for the theory given by the functional integral of Eq. (1.1) . Indeed, such theory can be re-written as the Langevin equation for directed percolation [23] , namely,
As it has been shown in Refs. [24, 25, 26] we rather expect from the statistical physics analogy a solution of the following type
where Z M F A is the scaling solution in the mean field approximation. Function P violates the geometrical scaling behaviour and stems from the Pomeron loops.
One can see that our solution is quite different and the Pomeron loops change drastically the geometrical scaling behaviour of the MFA solution.
Honestly speaking, we do not know what is a reason for such difference because our approach and the approach based on Eq. (4.1) are equivalent. At the moment, we can only emphasize two points that are used heavily by us but have been treated differently in Refs. [15, 24, 25, 26] : (i) we use a logarithmic model for the BFKL kernel, namely, we replace this kernel by the one that gives ln n (Q 2 s (x) r 2 ) contribution for ξ > 0 and generates ln n (Λ 2 r 2 ) terms forξ < 0. In terms of anomalous dimension γ we replace the general BFKL kernel χ (γ) = 2 ψ(1) − ψ(γ) − ψ(1 − γ) by
for r 2 Q 2 s < 1 ; This approach is quite different from the diffusion approximation for χ (γ) = 2 ln 2 + D(γ − 1 2 ) 2 which was used in Refs. [15, 24, 25, 26] to reduce the general equation to so called Fisher-Kolmogorov-PertrovskyPiscounov equation; and (ii) in our approach we have Φ 2 (b, k; Y ) term in Eq. (4.2), while this term is neglected in Refs. [15, 24, 25, 26] .
We are working to include the exact NFKL kernel in our consideration and to understand better the kinematic region of matching with the perturbative QCD solution. We hope that the paper will be useful in searching the solution in the saturation region for the BFKL Pomeron calculus including the Pomeron loops.
